In this paper several aspects of infinite simple locally finite groups of 1-type are considered. In the first part, the classes of diagonal limits of finite alternating groups, of diagonal limits of finite direct products of alternating groups, and of absolutely simple groups of 1-type are distinguished from each other. In the second part, inductive systems of representations over fields of characteristic zero (which are known to correspond to ideals in the group algebra) are studied in general for groups of 1-type. The roles of primitive respectively imprimitive representations in inductive systems are investigated. Moreover it is shown that in any proper inductive system the depths of the representations of certain alternating subgroups are bounded.  2005 Elsevier Inc. All rights reserved.
Introduction
A group G is said to be locally finite (LF), if every finite subset of G generates a finite subgroup. Since every LF-group is the union of its finite subgroups, one can attempt to solve problems about infinite LF-groups by gaining information about their local structure, i.e., about their finite subgroups, and then by piecing together the local information into a global picture. This approach seems to be quite promising, because the theory of finite groups provides us with a powerful arsenal. However, it may not be easy to piece the local information together. At this stage some typical tools from infinite group theory are required. From the point of view of finite group theory, LF-groups provide a useful setting to studying asymptotic questions about finite groups.
In recent years, simple LF-groups were a subject of intense investigations, particularly because their theory is deeply intertwined with the theory of finite simple groups. Although it is still unknown whether every infinite simple (i.s.) LF-group contains a non-abelian finite simple subgroup, any such group G has a Kegel cover, i.e., there exists a set K = {(G i , M i ) | i ∈ I } such that
• the G i are finite subgroups of G with union G, • each (so-called Kegel kernel) M i is a maximal normal subgroup of G i , and • for every finite subgroup F of G there exists some i ∈ I with F G i and F ∩ M i = 1 (see [16, Section 6] ). The latter condition implies that F embeds into the simple group G i /M i . Therefore, in a certain sense, the group G is approximated by the finite simple sections G i /M i , which are called the Kegel factors of the Kegel cover K. Unfortunately, the M i are oftenly an obstacle to a good understanding of the group G. It is much easier to obtain information about the group when the M i are trivial or in some sense well behaved.
Since its very beginning, the study of finite simple groups aimed to reach a complete classification. While nothing similar seems to be possible for i.s. LF-groups, some partial classification results are available. It was shown independently by several authors [1, 2, 12, 24] , that the infinite simple groups of Lie type over locally finite fields are the only i.s. LF-groups, which are linear (i.e., which act faithfully on a finite-dimensional vector space). And J.I. Hall [9] could prove that the infinite alternating groups and the classical groups on infinite-dimensional vector spaces over locally finite fields are precisely the non-linear finitary i.s. LF-groups. (A group is said to be finitary, if it acts faithfully on a vector space V in such a way that the fixed-point space of each of its elements has finite codimension in V .) Finitary i.s. LF-groups are rather tame, because they are direct limits of finite simple groups with respect to natural embeddings. But more savage animals are around. By the work of S. Delcroix [4] and U. Meierfrankenfeld [19] , we can at least distinguish the nonfinitary i.s. LF-groups into so-called groups of 1-type, of p-type (for some prime p), or of ∞-type. These classes are defined in terms of Kegel covers. For example, an i.s. LF-group G is said to be a group of 1-type, if every Kegel cover of G contains an alternating Kegel factor.
The easiest examples of i.s. LF-groups of 1-type are diagonal limits of finite alternating groups (LA-groups), i.e., those direct limits of finite alternating groups with respect to diagonal embeddings which do not yield an infinite alternating group. Here, an embedding Alt(Ω 1 ) → Alt(Ω 2 ) is said to be diagonal, if every non-trivial orbit of Alt(Ω 1 ) on Ω 2 is natural. Slightly more sophisticated examples can be obtained as limits of direct products of alternating groups: An LDA-group shall be a non-alternating direct limit of direct products G i = A i1 × · · · × A ir i (i ∈ I ) of finite alternating groups A ik = Alt(Ω ik ) such that, for all i < j in I , every non-trivial orbit of any A ik on any Ω j is natural. At first sight, it is uncertain whether LDA= LA. In Section 2 we shall give a characterization of LDA-groups which shows that the two classes in question are in fact different.
We shall then consider the structure of absolutely simple LF-groups of 1-type. Recall that a group is said to be absolutely simple, if it admits no proper (generalized) series in the sense of [23, Section 1.2] . Every absolutely simple group is of course simple, but there exist groups of 1-type which are not absolutely simple [5] . In Section 3 we shall characterize absolutely simple groups of 1-type in terms of particularly nice Kegel covers (Theorem 3.2). This suggests that absolutely simple groups of 1-type are very similar to LDA-groups. However, it will turn out that these two classes are still distinct (Theorem 3.3).
Next, we proceed to a different kind of problem. In [26] , A.E. Zalesskiǐ pointed out that the two-sided ideals of the group algebra KG of a locally finite group G over any field K are strongly related to so-called inductive systems of irreducible K-representations of the finite subgroups of G (see Section 4) . In the recent past this led to fruitful research about the structure of the ideal lattice of group algebras of i.s. LF-groups G. Let K be a field of characteristic zero. It was shown that the augmentation ideal is the only non-zero proper ideal in KG, whenever G is non-alternating finitary over an infinite field, or of ∞-or p-type for some prime p [13, 15, 17] . If G is non-alternating finitary over a finite field, there are strong indications that the proper ideals in KG correspond to the G-invariant submodules of finite codimension in the natural G-module [14, 17] . And the ideals of the group algebras of any infinite alternating group correspond to certain direct limits of Young diagrams [7] .
Therefore it essentially remains to consider groups of 1-type. For any LDA-group G, the non-zero ideals in the complex group algebra CG form a descending chain of length ω [18, 25] . Apart from that, it is only known up to now, that the ideal lattice of KG contains at least two non-zero proper ideals for any group G of 1-type and any field K of characteristic zero [18] . It is completely uncertain whether there are always further ideals around. The authors suspect that the answer to this question depends sensitively on the structure of the Kegel kernels in a suitable Kegel cover. In order to further analyze the situation, we embark on a general study of inductive systems for groups G of 1-type in Sections 5 and 6. Our first major result here concerns the role of primitive representations of the finite subgroups of G (Theorem 5.6). In particular it will turn out that, whenever G is not an LDA-group, then any proper inductive system must contain imprimitive representations for all subgroups in certain well-behaved local systems (Corollary 5.7). Secondly, we shall show that for any proper inductive system of G, the representations on certain alternating subgroups must have bounded depths (Theorem 6.3). This constitutes a weak generalization to 1-type groups of the main result about LDAgroups in [18, Section 4].
Direct limits of alternating groups
In this section we aim to elucidate the difference between LA-groups and LDA-groups. To this end, let G be an infinite direct limit of direct products
of finite alternating groups A ik = Alt(Ω ik ) such that, for all i < j in I , every non-trivial orbit of any A ik on any Ω j is natural. It can be seen as in the proof of [18, Lemma 4.1] , that for every i ∈ I there exists some pair (j, ) with i < j ∈ I such that G i acts faithfully on Ω j . After removing some indices from I we may therefore assume without loss that |Ω j 1 | 9 for every j ∈ I . For any two pairs of indices (i, k), (j, ) with i < j, let µ j ik denote the number of natural A ik -orbits on Ω j . are constant for all (j, ) with i * < j ∈ I and µ j ik 2 = 0 (i.e., these ratios depend only on i, k 1 , k 2 ).
Proof. Suppose first that G is a diagonal limit of alternating groups B λ = Alt(∆ λ ) (λ ∈ Λ), and consider a fixed i ∈ I . Then there exists some λ such that G i B λ and |G i | 2 < |∆ λ |. Moreover, B λ G i λ for some i λ > i in I . We shall show now that the right choice of λ ensures that every non-trivial B λ -orbit on any Ω j (j > i λ ) is natural.
Suppose that there exists j > i λ such that Ω j contains a B λ -orbit of size greater than |∆ λ |. Since every A i1 -orbit in Ω j is trivial or natural, it then follows from [22, Theorem 1.13] that A i1 has a unique non-trivial orbit on ∆ λ . Assume that this would happen for arbitrary large λ. Then an ultraproduct argument would supply us with a permutation representation for G in which A i1 had finite degree. But simplicity of G would then force G into a finitary permutation group. And this is impossible for the group G of 1-type.
So we can choose λ as desired, and let i * = i λ . For j > i * , let γ j be the number of natural B λ -orbits in Ω j . If κ 1 respectively κ 2 denotes the number of natural A ik 1 -respectively A ik 2 -orbits in ∆ λ , then clearly
Conversely, let G be a group of 1-type satisfying the criterion stated in the theorem. We shall show that every G i is contained in an alternating subgroup of G. Fix some j > i in I and assume without loss that G i acts faithfully on Ω j 1 . Consider the direct product G has a local system L of alternating subgroups now. From [5, Theorem 1.4] , the local system L can be pruned so that some finite subgroup F G is contained in every A ∈ L, without regular orbit on the natural A-set. Assume that G is not an LA-group. Then every A ∈ L is contained in some B ∈ L in such a way that this inclusion is not a diagonal embedding. And so we can form an ascending chain of alternating groups A n ∈ L (n ∈ N) such that the inclusions A n A n+1 are not diagonal. However, in this situation [22, Theorem 1.7] asserts that A 1 has a regular orbit on the natural A n -set for some n. This contradiction shows that G ∈LA. 2
We shall now use the above criterion to give an example of an LDA-group which can not be written as a direct limit of alternating groups. Example 2.2. Starting with two non-empty finite sets Ω 11 , Ω 12 , choose recursively finite sets Ω i+1, 1 , Ω i+1,2 in such a way that
Clearly there are diagonal embeddings G i → G i+1 such that A i1 has one natural orbit on Ω i+1,1 and two natural orbits on Ω i+1,2 , while A i2 has just one natural orbit on both Ω i+1, 1 and Ω i+1,2 . The direct limit G of the groups G i with respect to these embeddings is an LDA-group, which cannot be written as a direct limit of alternating groups.
Proof. To simplify notation, we identify each G i with its image in G. Let µ kj be the number of orbits of A 1k on Ω j 1 . By solving some linear recurrence relation, it can be shown that
Let α = 1 + √ 2 and notice that 1 − √ 2 = −α −1 . Therefore
Because this quotient does not become constant for large j , Theorem 2.1 implies that G is not a direct limit of alternating groups. 2
Local systems and absolutely simple groups
A local system in an LF-group G is a family of finite subgroups in G, directed with respect to inclusion, and with union G. For any treatment of an LF-group it is essential to work with the most accessible local system. While some kinds of i.s. LF-groups have very natural local systems (e.g., finitary groups, LDA-groups, or P. Hall's universal LFgroup [10] ), this is in general not the case for groups of 1-type. Nevertheless, S. Delcroix and U. Meierfrankenfeld have established the tools to construct local systems with a rather comprehensible structure in any group of 1-type.
A finite subgroup F of the i.s. LF-group G of 1-type is said to be non-regular, if there exists a finite subgroup F * in G containing F such that, whenever H is a finite subgroup of G containing F * , and whenever H has an alternating quotient H/N = Alt(Ω), then F has no regular orbit on Ω. By [5 
and x ∈ y L for all x, y ∈ K \ {1}. Then the subgroups F H , where H ranges over any directed set of finite subgroups of G containing L, form a local system in G with the following three properties:
(1) F H is the product of normal subgroups of the form (S wr Ω Alt(Ω)) for suitable finite groups S and finite sets Ω, (2) every proper normal subgroup of F H has trivial intersection with some H -conjugate of F , and (3) 
This contradiction shows that
Because G is simple, we can choose for any given finite Y G finite subgroups 
N. 2
We shall call the local systems given by Construction 3.1 wreathy. Obviously, every member of a wreathy local system is a semidirect product in which the complement is a direct product of alternating groups. We shall now describe absolutely simple groups of 1-type in terms of even nicer wreathy local systems. Proof. Suppose first that G has a local system satisfying condition (2) . Assume that G is not absolutely simple. Then there exists a non-trivial proper serial subgroup H in G, and hence some i ∈ I such that H ∩ G i is a non-trivial proper subnormal subgroup of G i . Choose j > i as in (2) . Then H ∩ G i must have trivial intersection with the proper nor- Let Originally, we were trying to show that the LDA-groups are precisely the absolutely simple LF-groups of 1-type. However, it will turn out now that this is not the case. Proof. Choose finite sets Ω 1 and Ω 2 in such a way that |Ω 2 | = 3|Ω 1 |, and consider the groups
We may identify Ω 1 with ∆ 2 , and the natural G 1 -set C 2 × Ω 1 with ∆ 1 . An embedding
of the commutator subgroup G 1 of G 1 is then given by
where π : G 1 → Alt(Ω 1 ) denotes the canonical projection of G 1 onto its top group. The base group of G 2 has the
is the base group of G 1 . The map
which maps every element of G 1 onto its base part, is a derivation, whose restriction to the base group of G 1 is injective. We use δ 1 to define the embedding
Note that τ 1 maps G 1 "diagonally" into the subgroup
We shall now iterate the above construction to produce a direct limit of finite groups. Choose finite sets Ω n+1 (n ∈ N) with the property |Ω n+1 | = 3|Ω n | > 15, and embed each G n = (C 2 wr Ω n Alt(Ω n )) into G n+1 in the above fashion via τ n = σ n · δ n . Let G be the direct limit of the groups G n with respect to these embeddings. The base group of G n+1 is the unique maximal normal subgroup of G n+1 , and so G n has trivial intersection with every proper normal subgroup of G n+1 . Therefore G is an infinite absolutely simple LFgroup. It is easily seen that the embeddings G n → G n+1 are diagonal in the sense of [ Assume by way of contradiction, that G is an LDA-group. Then G 1 is contained in a subgroup X = X 1 × · · · × X s G with X j = Alt(Λ j ) and |Λ j | > |G 1 | 2 for all j , and such that G 1 has more than one non-trivial orbit on every Λ j (see [18, Lemma 4.1] ). Moreover, X is contained in some G n . Consider the action of X on Ω n arising from the canonical map
By construction, every Alt(Ω 1 )-orbit in Ω n is trivial or natural. Therefore [22, Theorem 1.13] yields that every Alt(Λ j )-orbit on Alt(Ω n ) is trivial or natural.
Let B n denote the base group of 
It follows that H 1 (Y, B n ) = 0 too, as desired. In particular, the complements to B n in B n Y form a conjugacy class, and so X is contained in Alt(Ω n ) b for some b ∈ B n . But then the
On the other hand, the embedding
Suppose that the inner derivation δ is induced by the element m = m 1 + m 2 ∈ B n , with m i ∈ F 2 ∆ i . Since δ annihilates Alt(Ω 1 ), the element m must centralize Alt(Ω 1 )τ . Moreover, because the base group B n is abelian, m 2 centralizes
It follows that δ is the zero map. This contradiction to the injectivity of the restriction of δ to the base subgroup of G 1 shows that G cannot be an LDA-group. 2
Inductive systems and ideals
It is the purpose of this section to introduce and motivate the notion of inductive systems, which we shall then study in Sections 5 and 6. In the long run we would like to derive results about the (two-sided) ideals of the group algebra KG, where G is an i.s. LF-group of 1-type. The ideal lattice has been determined completely for LDA-groups G [18] . In the same paper we could also show that KG contains at least four ideals for any group G of 1-type. We have the feeling that the ideal lattice must be richer but are still unable to give any evidence in this direction.
The problem can be approached by studying so-called inductive systems. Due to A.E. Zalesskiǐ, an inductive system for the LF-group G is a family Φ of sets Φ F (where F ranges over the finite subgroups of G) such that (1) each Φ F is a set of irreducible KF -representations (respectively -modules), and (2) whenever E F , then Φ E consists precisely of the irreducible KE-constituents of the KF -representations (respectively -modules) from Φ F .
Obviously, Φ is completely determined by the sets Φ F , where F ranges over any local system in G. Inductive systems are linked with ideals as follows. Here any ideal J corresponds to the inductive system Φ, where Φ F consists of the irreducible KF -modules in KF /(J ∩ KF ) for every finite subgroup F of G. The inductive system Φ is said to be proper, if there exists a finite subgroup F of G such that Φ F does not contain every irreducible KF -representation or, equivalently, if the corresponding ideal J is not the zero ideal. For later use, we record a technical detail, which follows immediately from the above.
Lemma 4.2. Consider an inductive system
Proof. Let J be the ideal in KG corresponding to Φ. Conjugation with g transforms the quotient
For proper inductive systems in any 1-type group, we shall study in Section 5 the asymptotic behaviour of primitive representations of subgroups in wreathy local systems. And in Section 6 we shall bound the depths of the representations of alternating complements in subgroups from wreathy local systems.
Asymptotic behaviour of primitive representations
Throughout this section, K will be an algebraically closed field of characteristic zero. We need to go through some technical considerations first. 
And the following equation in connection with regularity of V ensures that ψ is in fact an H -isomorphism: Recall that a projective K-representation of the finite group H is a mapping σ :
Let Z be the Schur multiplier of H , denote the universal central extension of H by H , and identify H with a transversal of Z in H . Modulo passing to an equivalent projective representation, there exists a K-linear map λ : Z → K × satisfying α • λ = α, and α lifts to an ordinary K H -representation α via
Conversely, every ordinary K H -representation restricts to a projective KH -representation.
In particular, every projective KH -module is a direct sum of irreducible projective KHsubmodules. 
Lemma 5.4. Suppose that the finite group H contains a central product

Proof.
Because N is an image of the (outer) direct product of the groups N i , we clearly
Note that σ | N i is homogeneous. In particular, for any h ∈ H , the representation σ h i of N i is equivalent to σ i . So there exists some s h,i ∈ GL K (V i ) satisfying
In the case when h ∈ N i , we may of course choose s h,i = hσ i . By Schur's Lemma, the mapping h → s h,i is a projective KH -representation, which coincides with σ i on N i . We 
is an ordinary representation. And if we define τ i : H → GL K (V i ) via
We shall make use of this remark in the next proof.
Before doing so, we need to define a particular function η : N → N. For any isomorphism type of finite group F , fix a finite set Σ F of faithful ordinary KF -representations such that every faithful KF -representation contains one of them as a constituent. By [3, Theorem 32.9] there exists some n F ∈ N such that the n F th tensor power of every representation from Σ F contains every irreducible KF -module. Define η 1 : N → N via η 1 (ν) = max{n F | |F | ν}. Next, fix a finite set ∆ F of anti-scalar projective KFrepresentations such that every anti-scalar projective KF -representation contains one of them as a constituent (up to equivalence). Here, a projective representation is said to be anti-scalar, if its image has trivial intersection with the scalars. Define η 2 :
Note that the functions η 1 , η 2 and η are increasing.
Proposition 5.5. Let K be an algebraically closed field of characteristic zero. Suppose that N is a normal subgroup of the finite group H , and that ρ is a primitive ordinary KH -representation with Nρ non-abelian. Assume further that Nρ is a central product of F -invariant subgroups for some F H . Whenever there are at least η(|F |) factors in the central product Nρ, on which the action of F is faithful, then ρ| F contains as constituents all the ordinary irreducible KF -representations.
Proof. From passing to a suitable quotient of H we may assume without loss that the kernel of ρ is trivial. Apply We are now in a position to prove the main theorem of this section. For every J ∈ L , let bars denote images modulo ker σ J , fix a normal subgroup N J in J which is minimal with respect to being non-abelian, and let Z J = ζ(N J ). Note at this point that, by primitivity of σ J , every abelian normal subgroup of J is contained in ζ(J ). Therefore Z J ζ(J ), and N J /Z J is a chief factor in J . The local system L can be pruned in such a way that one and the same of the following two alternatives occurs for every J ∈ L :
(1) N J is a central product of pairwise isomorphic quasi-simple groups, or (2) N J is a p-group for some prime p (which may still depend on J ).
Suppose first that (1) It follows that the local system L can be pruned so that the perfect group J is a central product of quasi-simple groups for every J ∈ L . On the other hand, every J ∈ L is a product of derived subgroups of wreath products as detailed above. Every quasi-simple quotient of such a derived subgroup, and hence of J too, is an alternating group. It follows that J must be a direct product of alternating groups, as desired.
It remains to rule out case (2) . To this end, assume by way of contradiction that (2) holds for every J ∈ L . Here N J is nilpotent of class two, V J = N J /Z J is an elementary-abelian p-group, Z J is cyclic of order p, and the commutator map
can be interpreted as a J -invariant symplectic form on the GF(p)-vector space V J . Since N J is non-abelian, and since V J is an irreducible J -module, the symplectic form on V J is regular. From Clifford's Theorem, every normal subgroup of J is completely reducible in its action on V J .
Suppose first that there exists a local subsystem L ⊆ L such that V J admits more than one homogeneous M J -component for some normal subgroup M J in every J ∈ L . Because J is perfect, the number of homogeneous components exceeds four. Since V J is an irreducible J -module, the irreducible M J -submodules of V J are either all regular or all singular. In the regular case, the homogeneous M J -components are pairwise orthogonal. In the singular case, Lemma 5.2 leads to a pairing of homogeneous components, that is, we can form 2-sets of homogeneous components in which one component complements the orthogonal of the other component. The sums of paired components are pairwise orthogonal regular subspaces in V J . So in both cases there is a proper system of imprimitivity in V J with pairwise orthogonal blocks. The preimages in N J of these blocks form a central product whose factors are permuted under the action of J . And so we can argue as in case (1) to reach a contradiction.
This contradiction shows that we can prune L so that V J is a homogeneous module for every normal subgroup of every J ∈ L . Consider one of the wreath products W = S wr Ω A with A = Alt(Ω), whose derived group is a normal factor of J as mentioned above. Because W is perfect, it cannot stabilize a series in N J . It follows that either
In the second case we shall now study the action of W on V J in more detail.
The intersection of W with the base group B of W contains B . From Lemma 5.3, the base group B of W is characteristic in W . In particular, B is a normal subgroup of J , which is the direct product of the derived subgroups of the base components We may assume now that the alternating group A is the top group of the wreath product W , and that V J is an elementary-abelian A-section of its base group B. But every elementary-abelian A-section of B is W -isomorphic to a section of K/L for certain full direct products L < K of B with elementary-abelian quotient. It is obvious that K/L is a direct sum of copies of the natural permutation module F p Ω where F p = GF(p). Therefore we have one of the following two cases: Since G is not finitary, the degree on the natural A-set of every non-trivial element in Y is unbounded as J ranges over L . Thus, if η denotes the function used in Proposition 5.5, we can choose J ∈ L so large that there are at least η(|Y |) pairwise disjoint Y -subsets ∆ 1 , . . . , ∆ m of even sizes in Ω, on which Y acts faithfully. We may assume also that σ 0 is not contained in any of the ∆ i , and that there are further elements in Ω. In the case of regular V , let U i denote the subspace generated by {v σ | σ ∈ ∆ i }; otherwise, let U i V ⊕ V * be generated by {v σ , w σ | σ ∈ ∆ i }. The subspaces U 1 , . . . , U m generate their direct sum U in V J , and every U i as well as U itself is regular. We conclude that V J is the orthogonal sum of the Y -invariant subspaces U and U ⊥ . Moreover, U itself is the orthogonal sum of Y -subspaces which are Y -isomorphic to the U i .
Let R and S be the full preimages in N J of U respectively U ⊥ . By definition of the symplectic form, N J is the central product of the Y -invariant subgroups R and S. In particular, R is a normal subgroup in N J . The KJ -module X afforded by σ J is a homogeneous KN J -module, and hence the direct sum of irreducible K(RY )-submodules which are direct sums of one and the same isomorphism type of irreducible KR-module. Moreover, due to the above decomposition of U , the group R is a central product of m Y -invariant subgroups on which Y acts faithfully. And so Proposition 5.5 leads to the conclusion that all the ordinary irreducible KY -representations are amongst the constituents of σ J . This final contradiction rules out case (2), as desired. 2
It follows that the existence of many primitive representations in a proper inductive system has striking consequences on the structure of i.s. LF-groups of 1-type. Proof. From Theorem 5.6, there exists a local subsystem L ⊆ L such that every H ∈ L is a direct product of alternating groups. Recall that there exists a non-regular subgroup F G such that every H ∈ L contains F * . Hence [15, Theorem 5.4] ensures that every H ∈ L can be linked to a local subsystem of L consisting of groups K such that the inclusion H K is a diagonal embedding. Since G is the direct limit of the groups in L and these inclusions, it follows that G is an LDA-group. 2
Depths of representations of alternating complements
For the convenience of the reader, we recall some notions from [5] which will be used in the sequel. Suppose that the finite group H has an alternating quotient H/N = Alt(Ω), and that H acts on some set. An H -orbit Λ in the latter action is said to be Ω-essential, if its pointwise stabilizer in H is contained in N . Moreover, Λ is called Ω-natural, if there exists a system of imprimitivity ∆ in Λ such that the H -action on ∆ is similar to the natural H -action on Ω. Proof. Let F be a non-regular subgroup in G. Follow Construction 3.1 to obtain a wreathy local system L = {G i | i ∈ I }. Because the inductive system Φ is proper, we may assume that F was chosen so large, that there exists an irreducible KF -representation which is not a constituent of any representation in any Φ G i . Then, using Lemma 4.2, no N G (G i )-conjugate of F can have a regular orbit on any system of imprimitivity which occurs in any imprimitive representation from any Φ G i .
Fix i now, and consider for every j i an alternating quotient G j /N j = Alt(Ω j ) in G i satisfying F ∩ N j = 1. From [5, Theorem 3.4] we may assume that for all j > i, the group G i embeds Ω i -block-diagonally into G j . Because G is not finitary, the degree of every non-trivial element from F on Ω j is unbounded with growing j . In particular, there must exist some i * > i in I such that the number of Ω i -essential orbits in Ω i * exceeds any given constant, for example |F |.
Consider a system Λ of imprimitivity for some imprimitive representation in Φ G j (j > i * ), and suppose that there are Ω i * -essential G i * -orbits in Λ. Note here that it is sufficiently in general to look at this situation, because every maximal normal subgroup in G i * has trivial intersection with some N G (G i * )-conjugate of F . Now [5, Lemma 2.4] yields that, in every Ω i -essential orbit in Λ, the action of G i on the N i -orbits is similar to the action of G i on the s-subsets of Ω i for some s < |F | (this s still depends on the particular G i -orbit in Λ). The same holds with i * in place of i. Therefore, the proof will be completed by the following lemma. 
Proof. Consider the action of G 2 on the set Λ * of N 2 -orbits in Λ. We shall show first that G 1 permutes the N 1 -orbits in every Ω 1 -essential G 1 -orbit Θ in Λ * like the s-subsets of Ω 1 (where s depends on the particular G 1 -orbit Θ). To this end, let Σ be the set of N 1 -orbits in Θ. Consider an element λ ∈ Λ which is contained in one of the N 2 -orbits from Θ. This N 2 -orbit lies in some σ ∈ Σ. The corresponding point stabilizers satisfy
In particular, the G 1 -orbit Λ 0 of λ in Λ is Ω 1 -essential. And so G 1 permutes the N 1 -orbits in Λ 0 like the s-subsets in Ω 1 , that is, the stabilizer S of the N 1 -orbit containing λ is a maximal subgroup in Alt(Ω 1 ) = Alt(n) of type (Sym(s) × Sym(n − s)) ∩ Alt(n). But then S = (G 1 ) σ , and G 1 acts on Σ like on the s-subsets of Ω 1 . By hypothesis of the lemma, we may identify Λ * with the set of t-subsets of Ω 2 in the sequel. Let ∆ 1 , . . . , ∆ t be Ω 1 -essential orbits in Ω 2 . Because G 1 acts Ω 1 -block-diagonally on Ω 2 , the N 1 -blocks in each ∆ k are permuted naturally by G 1 /N 1 = Alt(Ω 1 ). Choose δ k ∈ ∆ k such that the N 1 -orbits σ k in ∆ k containing δ k are pairwise non-equivalent under these actions. Form the t-subset τ = {δ 1 , . . . , δ t } ∈ Λ * in Ω 2 . Let Γ denote the N 1 -orbit of τ in Λ * , and let T be the setwise stabilizer in G 1 of Γ .
Because the δ k lie in pairwise distinct Ω 1 -essential orbits in Ω 2 , the G 1 -orbit of τ in Λ * is Ω 1 -essential too. By the above, T /N 1 is the stabilizer in Alt(Ω 1 ) of an s-subset of Ω 1 , hence a maximal subgroup in Alt(Ω 1 ) = Alt(n) of type Alt(n) ∩ (Sym(s) × Sym(n − s)). On the other hand, because the δ k lie in distinct G 1 -orbits in Ω 2 , the elements in T cannot move the N 1 -orbits σ k containing δ k . And so T /N 1 is contained in the pointwise stabilizer of a t-subset in Ω 1 . Altogether, this is only possible when s = t = 1. 2
Suppose that an LDA-group G is the diagonal limit of direct products G i = A i1 × · · · × A ir i (i ∈ I ) of finite alternating groups A ik . For every proper inductive system Φ of G there exists some n ∈ N such that, whenever α ik are irreducible representations of the groups A ik with α i1 ⊗ · · · ⊗ α ir i ∈ Φ G i for some i, then the sum of the depths of the α ik is bounded by n [18, Theorem 4.8] . In order to generalize this to 1-type groups, we introduce the following notation. Suppose that A is an alternating subgroup of the finite group H , and that σ is a representation of H over a field K. Then ∂ A (σ ) shall denote the maximum of the depths of the irreducible KA-constituents of σ . Proof. Let M denote the set of all triples (H, σ, A) where H ∈ L, σ ∈ Φ H , and A is an alternating complement in H . Let P be the set of all (H, σ, A) ∈ M with primitive σ . Assume first that the values ∂ A (σ ) are unbounded as (H, σ, A) ranges over a subset P of triples in P whose first entries H form a local subsystem L ⊆ L. Consider a fixed Y ∈ L. From property 3.1(3) of the wreathy local system, L can be pruned so that every maximal normal subgroup of every H ∈ L has trivial intersection with some N G (H )-conjugate of Y . Then Lemma 4.2 allows us to replace σ and A in any (H, σ, A) ∈ P by suitable conjugates, so that Y ∩ M H = 1 for a maximal normal subgroup M H in H , which contains ker σ , and which is complemented by A in H . Now Theorem 5.6 allows us to assume that H/ ker σ is a direct product of alternating groups for every (H, σ, A) ∈ P ; amongst them A itself, since the ∂ A (σ ) are unbounded. And since G is not finitary, the degrees of every non-trivial element of Y on the natural A-sets are unbounded as (H, σ, A) ranges over P . Therefore similar arguments as in the proof of [18, Proposition 4.5] yield that there exists some (H, σ, A) ∈ P such that every irreducible KY -representation occurs as a constituent of σ with multiplicity |Y |. In particular, the regular representation of Y is a constituent of σ . This holds for every Y ∈ L, and so the inductive system Φ is improper.
Assume now that the values ∂ A (σ ) are unbounded as (H, σ, A) ranges over an arbitrary subset M of triples in M whose first entries H form a local subsystem L ⊆ L. We can then choose M in such a way that the representation σ in each of these triples is imprimitive. In this situation we shall prove the following assertion. 
